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A physically consistent path-weighted diffusivity function is derived for parametric representation of heat
diffusion patterns occurring within a volume of material where in there exists inhomogeneous or aniso-
tropic thermal diffusivity. A physically consistent parametric representation of energy deposition processes,
where there exists spatially dependent thermal diffusivity, provides for more optimal inverse analysis of
such processes. The path-weighted diffusivity function presented here further extends an inverse analysis
approach presented previously. The general functional characteristics of the path-weighted diffusivity
function derived are examined via a prototype simulation of drop-by-drop liquid metal deposition upon a
material characterized by anisotropic thermal diffusivity. The results of this simulation are compared with
previous simulations concerning path-weighted thermal diffusivity. The parametric representations pre-
sented, which are constructed using path-weighted sums of analytic basis functions, are examined from the
perspective of discrete numerical methods. This perspective provides a foundation for the development of
control algorithms for process optimization with respect to achieving specific microstructures within a
fabricated structure.
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1. Introduction

The inverse analysis of energy deposition processes requires
parametric representations that are both conveniently adjustable
and physically consistent with the nature of these processes.
For the inverse analysis of processes involving drop-by-drop
liquid-metal deposition (Ref 1-4), where there can exist
spatially dependent thermal diffusion, parametric representa-
tions that are in terms of path-weighted diffusivity functions
should be more appropriate (Ref 5). It follows that a physically
consistent path-weighted diffusivity function provides for a
more optimal parametric representation of spatially dependent
thermal diffusion.

A physically consistent path-weighted diffusivity function is
derived for parametric representation of heat diffusion patterns
occurring within a volume of material where in there exists
inhomogeneous or anisotropic thermal diffusivity. A physically
consistent parametric representation of energy deposition pro-
cesses, where there exists spatially dependent thermal diffusivity,
provides for more convenient inverse analysis of such processes.
The path-weighted diffusivity function presented in this article
further extends an inverse analysis approach presented previ-
ously (Ref 6, 7). This approach is based on the use of parametric
representations that are constructed according to the following
concepts, which have been discussed previously (Ref 6, 7).

These concepts are the use of generalized functions, parameter-
izations in terms of basis functions, general trend characteristics
of energy deposition, energy source functions, and parameter-
izations for modulation of heat diffusion patterns. Considered in
this article are parametric representations of heat diffusion
patterns occurring within a volume of material where in there
exists inhomogeneous or anisotropic thermal diffusivity. These
parameterizations are formulated in terms of path-weighted
diffusivity functions.

The organization of the subject areas presented in this article
are as follows. First, a brief review is given of the inverse heat
deposition problem and of its specific definition for the analysis
method considered. Second, parametric representations are
constructed for spatial modulation of heat diffusion patterns
that use path-weighted sums of analytic basis functions. It is with
respect to the formal structure of these basis functions that a
physically consistent path-weighted diffusivity function is
derived. Third, a prototype analysis is presented for the purpose
of examining the functional characteristics of the parametric
representation, which is defined in terms of a path-weighted
diffusivity function. This analysis provides a demonstration of
the effectiveness of the parametric representation presented for
modeling processes involving drop-by-drop liquid metal depo-
sition. Fourth, the parametric representations, which are con-
structed using path-weighted sums of analytic basis functions,
are examined from the perspective of discrete numerical
methods and control algorithms for process optimization with
respect to specific microstructures. Finally, a conclusion is given.

2. The Inverse Heat Deposition Problem

The inverse problem concerning analysis of processes
involving heat transfer may be stated formally in terms of
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source functions (or input quantities) and multidimensional
temperature fields (output quantities). The inverse problem given
in this article is focused on the determination of heat fluxes in
materials having inhomogeneous or anisotropic thermal diffu-
sivity, i.e., a spatially dependent diffusivity function.

Following the inverse analysis approach, a parametric
representation based on a physical model provides a means
for the inclusion of information concerning the physical
characteristics of a given energy deposition process. It follows
then that for heat deposition processes involving the deposition
of heat within a bounded region of finite volume, consistent
parametric representations of the temperature field are given by

Tðx̂; t; jÞ ¼ TA þ
XNk

k¼1
Tkðx̂; x̂k ; t; jÞ and Tðx̂cn; tcn; jÞ ¼ T c

n

ðEq 1Þ

where the quantity TA is the ambient temperature of the
workpiece and the locations x̂cn and temperature values Tn

c

specify constraint conditions on the temperature field. The
functions Tkðx̂; x̂k ; t; jÞ represent an optimal basis set of func-
tions for given sets of boundary conditions and material prop-
erties. The quantities x

_

k ¼ ðxk ; yk ; zkÞ, k = 1,…,Nk, are the
locations of the elemental source or boundary elements.

Although heat deposition processes may be characterized by
complex coupling between the heat source and workpiece, as
well as complex geometries associated with either the work-
piece or deposition process, in terms of inverse analysis, the
general functional forms of the temperature fields associated
with all such processes are within a restricted class of functions,
i.e., optimal sets of functions. Accordingly, a sufficiently
optimal set of functions is that of analytic solutions to heat
conduction equation for a finite set of boundary conditions
(Ref 8). A parameterization based on this set is both sufficiently
general and convenient relative to optimization.

The formal procedure underlying the inverse method
considered entails the adjustment of the temperature field
defined over the entire spatial region of the sample volume at a
given time t. This approach defines an optimization procedure
where in the temperature field spanning the spatial region of the
sample volume is adopted as the quantity to be optimized. The
constraint conditions are imposed on the temperature field
spanning the bounded spatial domain of the workpiece by
minimization of the value of the objective functions defined by

ZT ¼
XN

n¼1
wn Tðx̂cn; tcn; jÞ � T c

n

� �2 ðEq 2Þ

where Tn
c is the target temperature for position x̂cn ¼

ðxcn; ycn; zcnÞ:
The input of information into the inverse model defined by

Eq 1 and 2 is effected by the assignment of individual
constraint values to the quantities Tn

c; the form of the basis
functions adopted for parametric representation; and specifying
the shapes of the inner and outer boundaries, Si and So,
respectively, which bound the temperature field within a
specified region of the workpiece.

At this point, it is significant to note the following. First, the
general trend features of heat deposition processes are such that
the construction of a complete basis set of functions
Tkðx̂; x̂k ; t; jÞ making up a linear combination of the form
defined by Eq 1 for representation of the associated temperature
field is well defined and readily achievable. Second, for heat

deposition processes, characteristics of the temperature field are
poorly correlated to characteristics of the energy source. The
characteristics of the temperature field that are associated with
these processes, however, are strongly coupled only to inner
boundaries on this field, e.g., the solidification boundary. This
property follows from the low-pass spatial filtering property of
the basis functions, Tkðx̂; x̂k ; t; jÞ, whose general forms are
consistent with the dominant trend features of heat deposition
processes (see Ref 6). Third, given a consistent set of basis
functions, the temperature field associated with a heat deposi-
tion process is completely specified by the shape and temper-
ature distribution of a given inner boundary on the domain of
the temperature field; the diffusivity j and speed of deposition
V; and the lengths of the spatial dimensions {Di}of the
workpiece. Fourth, the shape and temperature distribution of a
specified inner boundary Si is determined by the rate of energy
deposited on the surface of the workpiece and the strength of
coupling of the energy source to the workpiece. And finally, in
that an inner boundary Si is defined by its shape and the
distribution of temperatures on its surface T( x̂S), it follows that
one can define a multidimensional temperature field T( x̂, j, V,
{Di}, T( x̂S), and x̂S [ Si).

3. Analytic Basis Functions and Path-Weighted
Diffusivity Functions

As demonstrated in previous studies, the parametric repre-
sentation of the form given by Eq 1 is sufficiently flexible for
construction of temperature fields associated with heat depo-
sition processes where source and workpiece characteristics are
relatively simple. It is significant to note, however, that many
energy deposition processes are characterized by volumetric
coupling of the energy source and associated diffusion patterns
that are relatively complex. Accordingly, it would be advan-
tageous to extend the adjustability of the mapping defined by
Eq 1 for the purpose of representing more complex diffusion
patterns. As shown above, the adjustability of the parameter-
ization can be extended by adopting basis functions whose
spatial distributions are spatially modulated. Among the many
different possible types of spatial modulation that can be
applied are those whose application produces diffusion patterns
that are directionally or path weighted.

Given the parameterization framework defined by Eq 1 and
2, it follows that consistent representations, in terms of basis
functions, of the temperature field associated with spatially
modulated heat diffusion patterns are

Tðx̂; tÞ ¼ TA þ
XNk

k¼1

XNt

n¼1
Cðx̂kÞFðx̂; x̂k ; nDt; jðx̂Þh iÞdðnDt � tkÞ

ðEq 3Þ

where

Fðx̂; x̂k ; t; jðx̂Þh iÞ

¼ 1

t
exp �ðx� xkÞ2þðy� ykÞ2

4 jðx̂Þh it

" #

� 1þ 2
X1

m¼1
exp � jðx̂Þh im2p2t

l2

� �
cos

mpz
l

h i
cos

mpzk
l

h i( )
;

ðEq 4aÞ
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or

Fðx̂; x̂k ; t; jðx̂Þh iÞ ¼ 1

t3=2
exp �ðx� xkÞ2þðy� ykÞ2þðz� zkÞ2

4 jðx̂Þh it

" #

ðEq 4bÞ

where t¼NtDt and dðt� tkÞ is the Dirac delta function repre-
senting the instantaneous deposition at locations x̂k = (xk, yk, zk)
at times t = tk. The speed of energy deposition Vk, which is an
implicit function of position on the surface of the workpiece, is
given by

Vk ¼
xk � xk�1
tk � tk�1

: ðEq 5Þ

Referring to Eq 3-5, it is to be noted that spatial modulation
of the diffusion field is through functional dependence on the
path-weighted diffusivity function jðx̂Þh i. Accordingly, the
procedure for inverse analysis defined by Eq 1-5 entails
adjustment of the parameters Cðx̂kÞ, x̂k , Dt, and Vk, defined
over the entire spatial region of the workpiece, and specification
of the function jðx̂Þh i. With respect to inverse analysis, the only
condition on the form of jðx̂Þh i is that it be consistent with the
general trend features of anisotropic diffusivity. The goal of
using a reasonably optimal set of basis functions for parametric
representation, however, implies the necessity of adopting a
form of jðx̂Þh i that is physically consistent with heat diffusion
occurring within materials having anisotropic diffusivity.

At this point, it is significant to note that a physically
consistent path-weighted diffusivity function can be derived
with respect to the formal structure of Eq 4. The formal
structure of Eq 4 implies that a more physically consistent path-
weighted diffusivity function is with respect to path integration
of the inverse of the square root of diffusivity function, i.e.,
1=

ffiffiffi
j
p

, and therefore that a quantity jmh i can be defined by the
expression

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
jðr; hÞ

p
* +

¼ 1

r

Zr

0

dr0ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jðr0; hÞ

p � 1

2

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jð0; hÞ

p þ 1ffiffiffiffiffiffiffiffiffiffiffi
jðr; h

p
Þ

" #
:

ðEq 6Þ

Next, given that the origins of the discrete paths are
associated with the discrete source distribution Cðx̂kÞ, it follows
from Eq 6 that

jmðx̂k ; x̂Þh i ¼ 4jðx̂kÞjðx̂Þffiffiffiffiffiffiffiffiffiffiffi
jðx̂kÞ

p
þ

ffiffiffiffiffiffiffiffiffi
jðx̂Þ

p� �2 ðEq 7Þ

where the directional path-weighting defined by Eq 7 repre-
sents a path-integral mean value, and the directional tracking
of diffusivity values at near-neighbor locations is not required.

4. Prototype Analysis

In this section, prototype calculations are presented, which
consider energy deposition within a material characterized by
inhomogeneous and anisotropic thermal diffusivity. These
calculations demonstrate the functional characteristics of the
path-weighted diffusivity function, Eq 7. The prototype system
is that of the freeform fabrication of a two-dimensional coupon
for a system whose thermal diffusivity is a function of position.

The model system consists of a sequence of layers, where each
layer consists of a distribution of discrete energy sources whose
strengths are assigned by the values of the coefficients Cðx̂kÞ
defined in Eq 3 and are numerically integrated, or summed
discretely, at each time-step. Each of the discrete energy
sources represents a discrete liquid-metal droplet of a given
volume. The translation speed of the sample relative to the
point of liquid-metal deposition is assigned implicitly through
the time dependence and relative locations of the discrete
energy sources, Cðx̂kÞ. That is to say, a certain number of drops
per layer and a certain number of layers as a function of time
are specified. The model parameters used for the prototype
analysis are listed in Table 1. For purposes of this analysis, the
basis function Fðx̂; x̂k ; t; jÞ given by Eq 4a is adopted for
calculation of the temperature field. These functions are the
solution to the heat conduction equation for a temperature-
independent diffusivity and non-conducting boundaries on two
surfaces that are separated by a distance l, which for this
simulation is sufficiently large that the influence of one
boundary can be neglected. Accordingly, it is assumed for this
simulation that there is no conduction at the substrate boundary.
An additional condition imposed on the model system is that of
heat transfer into the ambient environment at the edges of the
rectangular coupon being fabricated. This is a realistic assump-
tion for process conditions where droplet-by-droplet deposition
occurs within a mold structure consisting of a metal powder
composite whose thermal diffusivity is similar to that of the
fabricated structure, e.g., rectangular coupon. A constraint
condition imposed on the temperature field is that the liquid-
solid interface defined by the alloy liquidus temperature is at
that of the specific alloy at any given position within the
material. Accordingly, the values assigned to the coefficients
Cðx̂kÞ were such that the average temperature of each discrete
droplet was within the range of liquid metal. It is significant to
note that other constraint conditions, such as melt pool
dimensions and measurements of temperature via thermocou-
ples, can also be adopted for assigning values to the coefficients
Cðx̂kÞ. In the present prototype analysis, the layers are
deposited one on top of the other by traversing the passes in
a zig-zag fashion. Consistent with the filter properties associ-
ated with thermal diffusion, each melt bead droplet can be
represented by a cube (see Table 1). This follows in that the
filtering of fine spatial structure, which is due to the Fourier
transform character of Eq 4, implies that the temperature field
is insensitive to details of the shape of the melt bead droplet.
It is significant to note, however, that the temperature field is
sensitive to the spatial distribution of droplets. The prototype
analysis considers calculation of the temperature field at three
different sampling points within the model structure.

Table 1 Model parameters used to determine thermal
fields in droplet-by-droplet deposition process

Model parameters

Material: Cu-Ni Alloy distribution
Diffusivity: Given by Eq 7
Timestep: Dt = 0.005 s
Drop deposited every 5 time-steps
11 drops per layer
Droplet energy content: Cðx̂kÞ = 4.0
Droplet volume = (Dl)3, Dl = 0.1667 cm
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The prototype analysis is characterized by energy deposition
within a material having inhomogeneous and anisotropic
thermal diffusivities. The system, which consists of a two-
dimensional discrete distribution of Cu-Ni alloys of variable
relative percentages as a function of position, is described
schematically in Fig. 1. This alloy distribution is characteristic
of that which would be constructed by drop-by-drop liquid
metal deposition of 11 alloys (differing in wt.%) being dropped
sequentially to build up a thin wall. For this system, the
liquidus temperature is also a function of relative alloy
composition. A diffusivity function and average liquidus
temperature field are constructed according to the two-dimen-
sional discrete distribution of Cu-Ni alloys. Accordingly,

jmðx; y; zÞ ¼ ð1� x=LÞj1 þ ðx=LÞj2 and

TMðx; y; zÞ ¼ ð1� x=LÞTM1 þ ðx=LÞTM2
ðEq 8Þ

where j1 ¼ 1:136� 10�4 m2=s, and TM1 = 1085 �C, corre-
sponding to pure Copper, and j2 ¼ 2:303� 10�4 m2=s, and
TM2 = 1455 �C, corresponding to pure Nickel. The prototype
analysis that follows consists of temperature field calculations
that demonstrate the influence of path-weighted diffusivity on
heat diffusion patterns according to adjustment of the various
parameters associated with the basis functions defined by
Eq 3-7. Considered are calculations of temperature fields
which adopt the spatially dependent diffusivity function
Eq 8, the constant diffusivities j1 ¼ 1:136� 10�4 m2=s and
j2 ¼ 2:303� 10�4 m2=s; corresponding to pure Copper and
Nickel, respectively, and discrete spatial distributions of the
effective heat sources Cðx̂kÞ defined by Eq 3. The distribution
Cðx̂kÞ is adjusted so that the calculated cross sections of the
solidification boundary satisfy, in principle, the experimentally
observed solidification patterns or droplets of given volume,
whose average temperature (above liquidus) has been speci-
fied. The results of these calculations are shown in Fig. 3 for
the weighted sums of basis functions defined by Eq 7.

An example for the potential application of the two-
dimensional model adopted for prototype analysis here is
shown in Fig. 1(b), which is that of the fabrication of a turbine
blade by laser melt-deposition (Ref 9). It can be seen from this
figure that the aspect ratio defined by the thickness of this
structure relative to its other dimensions is such that heat
transfer is essentially two-dimensional in character.

Shown in Fig. 2(a)-(c) is the time-dependent temperature
field at different stages of the droplet-by-droplet liquid metal
deposition processes during the formation of a structure
consisting of five layers according to the sequence defined by
Fig. 1(a). Referring to these figures, one can establish a visual
correlation of the temperature history at any given sampling
point with the relative position of the liquid metal droplet at the
time of deposition. Accordingly, the temperature histories at the
sampling points indicated in Fig. 1(a) can be examined relative
to the position of the liquid metal droplet of pure Cu, pure Ni,
or Cu-Ni alloy composite at different stages of the droplet
sequence. The results of this type of calculation are shown in
Fig. 3-5.

4.1 Discussion

At this point, the calculations shown in Fig. 3-5 are
examined with respect to the inverse analysis formalism
defined above. Referring to these figures, one can associate
the boundary defined by the liquidus temperature (see Fig. 2)
with an inner boundary Si, and similarly, the temperature
history shown in Fig. 4 with a point on the surface of an outer
boundary So. It is significant to note that, in principle,
temperatures associated with both Si and So are experimentally
observable and therefore adoptable as constraints for applica-
tion of the procedure defined by Eq 1 and 2.

An interesting qualitative result of the calculations shown in
Fig. 3-5 is that they demonstrate reasonable sensitivity of
temperature histories to alloy distribution within a material.
This implies that an alloy distribution can be, in principle,
adopted as a process parameter for control of temperature
history, as well as, droplet size and energy content. Control of
temperature history would imply, in turn, control of micro-
structure within a structure that is built by means of drop-by-
drop metal deposition.

Physical consistency of the path-weighted diffusivity is
demonstrated with reference to the temperature history corre-
sponding to Cu-Ni alloy composite shown in Fig. 3-5.
Referring to Fig. 3, it can be seen that the temperature
history of the Cu-Ni alloy composite tracks very closely, and
has as an upper bound, the temperature history of the
pure Ni system. Similarly, referring to Fig. 5, that the

Fig. 1 (a) Schematic representation of drop-by-drop liquid metal deposition process assumed for construction of five layer two-dimensional
structure. Sampling points A, B and C are at locations ð0; 10DlÞ; ð90Dl; 10DlÞ and ð190Dl; 10DlÞ, respectively, where Dl = 0.1667 cm. (b) A
turbine blade being made by laser melt-deposition (Ref 9)
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temperature history of the alloy composite tracks very
closely, and has as an lower bound, the temperature history
of the pure Ni system. The tracking of temperature histories
in Fig. 3 and 5 is consistent with the large relative fractions
of Ni and Cu, respectively. It can be seen from Fig. 4, the
temperature history of the alloy composite is essentially the
average of the temperature histories of the Cu and Ni
systems. The is consistent with the relative fractions of Cu
and Ni, which are close in value, at the sampling point
considered.

Next, we examine the sensitivity of the calculated temper-
ature fields with respect to the form of the path-weighted
diffusivity functions. For this purpose, the same boundary
conditions used in a previous study (Ref 5) are adopted for the
present prototype analysis. Reference 5 presents an analysis of
the same alloy composite system considered here, but considers
a path-weighted diffusivity function that is with respect to path
integration of the inverse of diffusivity function, i.e., 1/j. It is
interesting to note that for both analyses, that in Ref 5 and here,
the temperature histories of the Cu-Ni alloy composite, at a
sampling point where the relative percentages of Cu and Ni are
essentially the same (e.g., sampling point B in Fig. 2a), are
essentially the average of the temperature histories of the Cu
and Ni systems. This implies that path-weighting with respect
to diffusivity is sensitive to average changes in values of the
diffusivity, i.e., monotonic increases or decreases in value, but
relatively insensitive to the detailed characteristics of the
variation of diffusivity as a function of position. This insen-
sitivity implies certain benefits with respect to the construction
of discrete numerical methods for calculating time-dependent
temperature histories. This issue is discussed further, in what
follows, within the context of examining the parametric
representation defined by Eq 3-5 from the perspective of
discrete numerical methods and control algorithms for process
optimization.

5. Numerical Methods for Modeling Drop-by-Drop

5.1 Liquid-Metal Deposition

The starting point for the construction of a numerical method
for calculating time-dependent temperature histories for any
given energy deposition process is a discrete representation of
the heat conduction equation. In terms of finite differences,
discrete representations of this equation, for calculation of timed-
dependent temperature fields, fall within two classes, explicit or
implicit schemes (see Ref 10 for further discussion). These
classes are defined according to numerical stability conditions
which determine the nature of error propagation as a function of
time. Explicit schemes are characterized by relatively strict
stability conditions on the choice of discrete time-step size.
Implicit schemes are characterized by unconditional stability
with respect to time-step size. With respect to explicit schemes,
owing to a well-defined criterion for numerical stability, there
exists an a priori measure, or rather sense, of error propagation
within the calculated temperature fields as a function of time.
This a priori measure of accuracy for calculated temperature
fields comes at the very high price of very small time-step sizes,
which renders many heat-transfer problems intractable with
respect to numerical simulation via explicit schemes. Implicit
schemes, owing to their unconditional stability with respect to
time-step size, are well posed for numerical simulations of heat
transfer over time and space scales that are of practical
significance relative to process modeling. In general, however,
it is difficult to access the accuracy of these schemes in that there
does not exist rigorous criteria for error propagation. Typically,
implicit schemes for discrete representation of the heat conduc-
tion equation are structured in terms of linear-algebraic formu-
lations. These formulations provide a framework for the
construction of various types of algorithms for purposes of
numerical simulation.

Fig. 2 (a) Time-dependent temperature field (�C) of two-dimensional built structure representing formation of first layer consisting of either
pure Cu, pure Ni or Cu-Ni alloy composite. (b) Time-dependent temperature field (�C) of two-dimensional built structure representing formation
of second layer consisting of either pure Cu, pure Ni or Cu-Ni alloy composite. (c) Time-dependent temperature field (�C) of two-dimensional
built structure representing formation of fifth layer consisting of either pure Cu, pure Ni or Cu-Ni alloy composite. (d) Temperature field gray
scale from 0 to 1455 �C for (a)-(c)
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Fig. 3 (a) Temperature histories at sampling point A shown in Fig. 1
within two-dimensional built structures consisting of pure Cu, Pure Ni
and Cu-Ni alloy composite for time period 0.5-1.0 s. (b) Temperature
histories at sampling point A shown in Fig. 1 within two-dimensional
built structures consisting of pure Cu, Pure Ni and Cu-Ni alloy com-
posite for time period 1.0-2.0 s. (c) Temperature histories at sampling
point A shown in Fig. 1 within two-dimensional built structures con-
sisting of pure Cu, Pure Ni and Cu-Ni alloy composite for time period
2.0-3.0 s

Fig. 4 (a) Temperature histories at sampling point B shown in
Fig. 1 within two-dimensional built structures consisting of pure Cu,
Pure Ni and Cu-Ni alloy composite for time period 0.3-1.0 s.
(b) Temperature histories at sampling point B shown in Fig. 1 within
two-dimensional built structures consisting of pure Cu, Pure Ni and
Cu-Ni alloy composite for time period 1.0-2.0 s. (c) Temperature
histories at sampling point B shown in Fig. 1 within two-
dimensional built structures consisting of pure Cu, Pure Ni and
Cu-Ni alloy composite for time period 2.0-3.0 s
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It follows that, in terms of the classification of discrete
representations of the heat conduction equation, the parametric
representations Eq 3-5, which are constructed using path-
weighted sums of analytic basis functions, provide an uncon-
ditionally stable method for calculation of time-dependent
temperature fields. In other words, Eq 3-5 represent a discrete
representation of drop-by-drop liquid-metal deposition, when
diffusivity varies reasonably and monotonically as a function of
position, that is unconditionally stable with respect to time-step
size. With the general understanding of Eq 1-5 as an uncon-
ditionally stable discrete representation for calculation of
temperature histories, the problem of establishing some assess-
ment of error propagation as a function of time becomes of
relevance.

At this stage, it is important to indicate that the classifica-
tions explicit and implicit, for discrete representations of the
heat conduction equation, are motivated primarily by a direct-
problem perspective for numerical modeling of physical
processes. With respect to this perspective, the discrete
representation Eq 3-5 can be applied for qualitative analysis
of physical characteristics of a given drop-by-drop liquid-metal
deposition process. This follows in that the calculated temper-
ature field, although possibly not quantitatively accurate for
relatively large time steps, is able to ‘‘shadow’’ the actual field
to the extent that all qualitative trend features are preserved.
This is a general characteristic of many implicit schemes.
Accordingly, selection of an appropriate time-step size for
qualitative accuracy can be verified by examination of the
extent to which a calculated solution can shadow a physically
consistent solution. This type of examination is exactly that
represented by the calculated temperature histories shown in
Fig. 3-5.

In principle, with respect to an inverse-problem perspective
for numerical modeling of physical processes, the discrete
representation Eq 2-5 can be applied for quantitative analysis of
a given drop-by-drop liquid-metal deposition process. This
follows in that the inclusion of Eq 2 provides an interesting
property with respect to error propagation. Referring to Eq 2,
one notes that the calculated temperature field, at any given
time, can be ‘‘corrected’’ according to values of target
temperatures Tn

c. It follows that by inclusion of Eq 2, which
is with respect to an inverse-problem perspective, the discrete
representation Eq 2-5 is equipped with a predictor-corrector
property for calculating the time-dependent temperature field.
In other words, any error propagation that is related to time-step
size, tending to cause the calculated temperature field to deviate
from its correct values, is corrected for within a specified
tolerance ZT < e, at those times when Eq 2 is applied.

The predictor-corrector character of Eq 2-5, in terms of
discrete representation, and convenient adjustability in terms of
parametric representation, provides for the construction of
process control algorithms: process control algorithms charac-
terized by closed-loop feedback and control procedures for
optimization with respect to specified temperature histories and
alloy compositions. The general structure of these types of
control algorithms is shown in Fig. 6. It can be noted from
Fig. 6, that process control for the purpose of obtaining a
specified temperature history, and thus a specified microstruc-
ture within a fabricated structure, requires minimization of two
separate objective functions. One objective function is given by
Eq 2, where the values of temperature Tn

c represent experimen-
tally measured values of the temperature, which are typically

Fig. 5 (a) Temperature histories at sampling point C shown in
Fig. 1 within two-dimensional built structures consisting of pure Cu,
Pure Ni and Cu-Ni alloy composite for time period 0.0-1.0 s.
(b) Temperature histories at sampling point C shown in Fig. 1 within
two-dimensional built structures consisting of pure Cu, Pure Ni and
Cu-Ni alloy composite for time period 1.0-2.0 s. (c) Temperature
histories at sampling point C shown in Fig. 1 within two-
dimensional built structures consisting of pure Cu, Pure Ni and
Cu-Ni alloy composite for time period 2.0-3.0 s
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distributed spatially at various positions on the surface of the
fabricated structure. The other objective function is defined by

ZG ¼
XM

l¼1
wl Tðx̂tl; ttl; jÞ � T t

l

� �2 ðEq 9Þ

where Tl
t is the target temperature for position, x̂tl = ðxtl; ytl; zttÞ,

which is typically within the volume of the fabricated struc-
ture. The values of the temperature T t

l represent temperature
histories corresponding to specific solid-state transformations.
Referring to Fig. 6, the quantities e and c are tolerances for
the objective functions Eq 2 and 9, respectively.

6. Conclusion

The objective of this article was to present a physically
consistent path-weighted diffusivity function for parametric
representation of heat diffusion patterns occurring within a
volume of material where in there exists inhomogeneous or
anisotropic thermal diffusivity. The parametric representation of
heat diffusion, which is a functional of path-weighted diffusiv-
ity, follows from a specific definition of the inverse heat-transfer
problem that permits flexibility with respect to process param-
eterization. This parametric representation can be interpreted in
terms of discrete representations of the heat conduction equation
for calculating time-dependent temperature histories. Further
analyses are required for application of the basis function
formalism defined by Eq 1-7 to inverse analysis of different
types of drop-by-drop liquid-metal deposition, where thermal
diffusivity is strongly dependent upon position. The adaptation
of Eq 2-5 for process control of drop-by-drop liquid-metal
deposition processes requires a consideration of parameter
optimization procedures. Accordingly, the development of pro-
cess control algorithms and associated parameter optimization

procedures would be with respect to analysis of different types
of drop-by-drop liquid-metal deposition processes and is
therefore a subject for further study.
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